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CONSTRUCTION OF THE DIRAC OPERATOR ON THE
q-DEFORMED QUANTUM SPACE EAdS 2 USING A GENERALIZED
q-DEFORMED GINSPARG–WILSON ALGEBRA
M. Lotﬁzadeh∗ and R. Feyzi∗

We construct q-deformed Dirac and chirality operators on the q-deformed quantum space EAdS 2 using a
generalized quantum Ginsparg–Wilson algebra. We show that in the limit q → 1, these operators become
the Dirac and chirality operators on the undeformed quantum space EAdS 2 .
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1. Introduction
In the context of the Connes–Lott approach to noncommutative geometry, Dirac and chirality operators
are two important self-adjoint operators. A unital spectral triple [1]–[3] (A, H, D) consists of a complex
unital ∗-algebra A faithfully ∗-represented by bounded operators on a separable Hilbert space H and a
self-adjoint operator D : H → H (the Dirac operator) with the properties that
/ R is a compact operator on H and
• the resolvent (D − λ)−1 , λ ∈
• the commutator [D, π(a)] is a bounded operator on H for all a ∈ A (here, π(a) is the corresponding
a ∈ A operator in H).
A spectral triple (A, H, D) is said to be even if there exists a Z2 -grading of H, i.e., an operator γ : H → H
such that γ ∗ = γ and γ 2 = 1 for which γD + Dγ = 0 and γa = aγ for all a ∈ A. Otherwise, the
spectral triple is said to be odd. There are no chirality operators for manifolds of odd dimensions, and the
Dirac operator in this case describes only the diﬀerential structures. There are three types of Dirac and
chirality operators on the quantum two-sphere: the Ginsparg–Wilson operator DGW [4]–[8], the Watamura–
Watamura operator DWW [9], and the Grosse–Klimcik–Presnajder operator DGKP [10]. These three types
of Dirac operators were compared with one another in [11].
The idea of q-deformed geometry was studied extensively in the late 1980s and the 1990s. The qdeformed Hopf ﬁbration was studied in the framework of the Hopf–Galois extension in [12]. Podleś introduced the quantum sphere in [13]. The q-deformed Dirac operator on the Podleś quantum sphere was
q
studied using diﬀerent approaches [14]–[19]. The q-deformed Watamura–Watamura operator DWW
was
considered in [14], where the Dirac and chirality operators on a noncommutative space were constructed
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using Uq (su(2)) as the symmetry group. It was proved that the Dirac operator is covariant and the full
rotational invariance of the Dirac operator is recovered in the commutative limit where the underlying space
is the Podleś sphere. It was further shown that the Dirac operator reduces to the operator obtained in [9].
The goal in [16] was to describe the q-deformed version of the Grosse–Klimcik–Presnajder operator on the
quantum sphere. In addition, there are a few studies using diﬀerent methods to formulate noncommutative
and q-deformed analogues of a noncompact surface with a constant negative curvature. Related to our
q
work, on the quantum AdS 2 space, the Watamura–Watamura operator DWW
was studied in [20], and the
Ginsparg–Wilson operator DGW was studied in [21].
Here, we study the q-deformed quantum Ginsparg–Wilson Dirac operator and the chirality operator
using the q-deformed Ginsparg–Wilson algebra on the quantum AdS 2 space [22].
This paper is organized as follows. In Sec. 2, we brieﬂy review the noncompact version of the ﬁrst Hopf
ﬁbration SU (1, 1) −→ EAdS 2 with a special focus on projectors and projective modules of the sections
of this principal bundle. We also consider the q-deformed quantum version of the noncompact ﬁrst Hopf
ﬁbration and especially study the q-deformed projectors and q-deformed projective modules of the Hopf–
Galois extension of the ﬁbration SU (1, 1) −→ EAdS 2 . In Sec. 3, we consider the spin-1/2 q-deformed
pseudoprojectors of the left and right q-deformed projective module. In Sec. 4, we construct the q-deformed
quantum Ginsparg–Wilson algebra and also the q-deformed quantum Dirac and chirality operators using
the q-deformed left and right projectors and their corresponding idempotents. At each step, we compare
our results with the limit as q → 1.

2. Theoretical formalism
We consider the U (1) noncompact principal ﬁbration π with AdS 3 as the total space over the base
space EAdS 2 (see [23] for the compact case),
right U(1)-action

π

U (1) −−−−−−−−−−−→ AdS 3 −
→ EAdS 2 ,

(2.1)

where the Euclidean AdS 2 (EAdS 2 ) space is a two-sheet hyperboloid and AdS 2 is a connected one-sheet
hyperboloid [24]. The EAdS 2 space of radius 1 can be deﬁned as
x · x = xi ηij xj = x2 + y 2 − z 2 = −1.

(2.2)

The Minkowskian metric η ij = ηij = diag(1, 1, −1) raises and lowers the indices. Let BC = C ∞ (AdS 3 , C)
and AC = C ∞ (EAdS 2 , C) denote the respective algebras of C-valued smooth functions on the total manifold
AdS 3 and the base manifold EAdS 2 under pointwise multiplication. The elements of BC can be classiﬁed
into the right modules
Cn∞ (AdS 3 , C) = {ϕ : AdS 3 → C, ϕ(p · ω) = ω −n · ϕ(p), p ∈ AdS 3 , ω ∈ U (1)}
over the pull back of the AC . The left actions of the U (1) group on complex numbers are labeled by an
integer n characterizing the bundle.
The Serre–Swan theorem [25] states that for a compact smooth manifold, there is an equivalence
between the smooth vector bundles over that manifold and the ﬁnitely generated projective modules. It is
well known in algebraic K-theory that corresponding to these bundles, there are pseudoprojectors Pn such
that for the associated vector bundle
π

E (n) = AdS 3 ×U(1) C −−→ EAdS 2 ,
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(2.3)

∞
the right AC -module of sections Γ∞ (EAdS 2 , E (n) ) isomorphic to C(n)
(AdS 3 , C) is equivalent to the image
(n+1)
∞
2
n+1
in the free module (AC )
= C (EAdS , C) ⊗ C
of a pseudoprojector Pn : Γ∞ (EAdS 2 , E (n) ) =
Pn (AC )n+1 . The pseudoprojector Pn is a Λ-pseudo Hermitian operator [26] of rank 1 over C,

Pn ∈ Mn+1 (AC ),

Pn† = ΛPn Λ−1 ,

Pn2 = Pn ,

Tr Pn = 1,

(2.4)

where Λ is a Hermitian, involutory, and unitary matrix. In the case of a compact Hopf ﬁbration such as
S 3 −→ S 2 , the property of pseudo-Hermiticity reduces to Hermiticity. For the right Λ-pseudo AC -module
of sections Γ∞ (EAdS 2 , E (n) ), there exist n+1 Λ-pseudoprojectors P1 , P2 , . . . , Pn+1 with the same rank 1.
Therefore, we can write the Λ-pseudo free module (AC )n+1 as a direct sum of the Λ-pseudoprojective
AC -modules,
n+1

Pi (AC )n+1 .
(2.5)
(AC )n+1 =
i=1

A Λ-pseudoprojective module is a projective module constructed from a Λ-pseudoprojector instead of
a projector. In Sec. 3, we show how the property of Λ-pseudo-Hermiticity allows studying pseudoprojectors
with the spin s = 1/2 and expressing the Λ-pseudo free modules in terms of the Λ-pseudoprojective AC modules on the quantum EAdS 2 space. The commutative algebra AC is replaced with the noncommutative
matrix algebra M2+1 (C) if we want to pass from the usual to a noncommutative matrix geometry.
A noncommutative geometry contains no points: instead of the coordinates xi in EAdS 2 , the angular
momentum generators in the unitary irreducible -representation space play the role of points in the quantum space EAdS 2 . We let L denote the angular momentum operator on the commutative space EAdS 2 and
A = {α ∈ M2+1 (C)} denote the quantum Hermitian matrix algebra. Any element α can be expressed in
terms of the basis elements (with the unitary -representation of su(1, 1) taken into account) of the algebra
of the angular momentum L = (L1 , L2 , L3 ) deﬁned as
[Li , Lj ] = iCij k Lk ,

(2.6)

where Cij k = η kl Cijl , C123 = 1, and Cij k are totally antisymmetric. The structure constants Cij k satisfy
the relation
n k
ηl − ηml η kn .
(2.7)
Cim k η ij Cjl n = ηm
The C(EAdS 2 )-module Γ∞ (EAdS 2 , E (n) ), where C(EAdS 2 ) is the commutative algebra of functions
U(1)

on EAdS 2 , is the module of sections in the Hopf ﬁbration AdS 3 −−−→ EAdS 2 . In the quantum case, this
algebra is noncommutative, and its left and right modules are therefore not isomorphic. In this case, with
each angular momentum operator L, we associate two linear operators LL and LR with the left and right
actions on A :
LR
α ∈ A .
(2.8)
LLi α = Li α,
i α = αLi ,
The operators LLi and LR
j form the same su(1, 1) algebra with the Casimir operator C:
C ≡ [LLi , LLj ] = i

L
ijk Lk .

(2.9)

We use LL and LR to deﬁne the quantum version of the orbital momentum operator L on the quantum
space EAdS 2 . We deﬁne L by the adjoint action of Li on A :
Li α = (LLi − LR
i )α = adLi α = [Li , α].

(2.10)
1383

Using the coordinates xi , we can describe the hypersurface EAdS 2 with a constant negative curvature
as a surface embedded in three-dimensional ﬂat Minkowski space (2.2). With the Casimir operator of the
su(1, 1) algebra in mind, we deﬁne the parameter μ as
1
μ= 
.
(1 − )

(2.11)

i
Cij k xk = iμCij k xk .
[xi , xj ] = 
(1 − )

(2.12)

Relation (2.6) then becomes

We obtain the commutative coordinates xi from the coordinates of the quantum space EAdS 2 as a limit
case:
LL,R
xi = lim i .
(2.13)
→∞

In this case, −1 plays the role of the noncommutative parameter, and we therefore obtain the orbital
momentum operator on the commutative space EAdS 2 by taking the limit as  → ∞,
k j
lim (LLi − LR
i ) = −iCij x

l→∞

∂
.
∂xk

(2.14)

The quantum Hopf bundle is a U (1)-bundle over the EAdSq2 whose total manifold is the manifold of
the quantum group SUq (1, 1) (see [27] for the compact case). The space EAdSq2 is a quantum homogeneous
space SUq (1, 1). We let A(SUq (1, 1)), A(EAdSq2 ), and A(U (1)) denote the respective coordinate algebras of
the total space SUq (1, 1), the base space EAdSq2 , and the ﬁber U (1). The coordinate algebra A(SUq (1, 1))
and the quantum universal enveloping algebra Uq (su(1, 1)) ≡ suq (1, 1) are respectively a ∗-algebra and a
Hopf ∗-algebra [12].
The algebra inclusion A(EAdSq2 ) → A(SUq (1, 1)), which is a Hopf–Galois extension, is a quantum Hopf
Uq (1)

bundle. It is the algebraic version of the ﬁrst quantum noncompact Hopf ﬁbration SUq (1, 1) −−−→ EAdSq2 .
The associated quantum bundle is given by
Eq(n) := {x ∈ A(SUq (1, 1)) : k · x = q n/2 x, k ∈ A(Uq (1))}.
(n)

Each Eq

(2.15)

is clearly an A(EAdSq2 )-bimodule equivalent to the image in the free module (A(EAdSq2 ))n+1
(n)

of a self-adjoint quantum projector pq

(n)

in Matn+1 (A(EAdSq2 )) for n ≥ 0. We identify Eq

with the left

(n)

A(EAdSq2 )-module of sections (A(EAdSq2 ))n+1 pq .
We have a q-deformed SU (1, 1) Lie algebra, i.e., Uq (su(1, 1)) ≡ suq (1, 1), with three generators J3 , J+ ,
and J− satisfying the commutation relations
[J+ , J− ] = −[J3 ],
where we use the notation
[n] = [n]q =

[J3 , J± ] = ±J± ,

(2.16)

q n − q −n
.
q − q −1

The structure of the Hopf algebra is given by
Δ(J± ) = J± ⊗ q J3 + q −J3 ⊗ J± ,
S(J± ) = −q ±1 J± ,
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Δ(J3 ) = J3 ⊗ 1 + 1 ⊗ J3 ,
(2.17)

S(J3 ) = −J3 ,

ε(J± ) = ε(J3 ) = 0,

where Δ, S, and ε are the respective coproduct, antipode, and counit. The generators of Uq (su(1, 1)) act
on the spin-j representation as
J± |j, m = ([m ∓ j]q [m ± j ± 1]q )1/2 |j, m ± 1 ,

J3 |j, m = q m |j, m ,

(2.18)

where j > 0 and m = j, j + 1, j + 2, . . . . The result of the action of the quantum Casimir operator Cq is
given by [19]
[2j]q [2 − 2j]q
Cq |j, m =
|j, m ,
(2.19)
[2]2
which in the limit q → 1 reduces to j(1 − j), the result of the action of the SU (1, 1) Casimir operator.
2
We let EAdSqμ
denote the quantum space EAdS 2 . We also introduce the generators of the coordinate
2
2
algebra A(EAdSqμ ) of the space EAdSqμ
and x+ , x− , x3 , and 1. They satisfy the commutation relations
x+ x− − x− x+ = −μx3 + (q − q −1 )x23 ,
[x3 , x+ ]q = qx3 x+ − q −1 x+ x3 = μx+ ,

(2.20)

[x− , x3 ]q = qx− x3 − q −1 x3 x− = μx−
2
and a constraint deﬁning the space EAdSqμ

− x23 + qx− x+ + q −1 x+ x− = −1.

(2.21)

2
In the space EAdSqμ
, we have two diﬀerent parameters q and μ, which we assume to be real. There are
then three limit cases:
2
• the ﬁrst limit EAdSqμ
−→ EAdSμ2 −→ EAdS 2 (i.e., q → 1 and then μ → 0),
2
• the second limit EAdSqμ
−→ EAdSq2 −→ EAdS 2 (i.e., μ → 0 and then q → 1), and
2
−→ EAdS 2 (i.e., μ → 0 and q → 1 simultaneously).
• the third limit EAdSqμ

Similarly to deﬁnition (2.11), taking Casimir operator (2.19) into account, we deﬁne μq as
[2]q
,
μq ≡ 
[2]q [2 − 2]

(2.22)


which becomes 1/ (1 − ) in the limit q → 1.
In the third limit, constraint (2.21) becomes the well-known condition (2.2) giving the space EAdS 2 ,
where x1 and x2 are the limit operators for
1
x1 = − √ (x+ + x− ),
2

i
x2 = − √ (x+ − x− ).
2

(2.23)

In this case, as q → 1, the operators xi satisfy the relation
i
Cij k xk
[xi , xj ] = 
l(1 − l)

xi η ij xj = −1.

(2.24)

The coordinate operators x1 , x2 , and x3 can be obtained from the Uq (su(1, 1)) generators L1 , L2 , and L3
as

xi [2]q [2 − 2]q = Li .
(2.25)
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Here, it is convenient to introduce a 2×2 matrix X formed from the generators of the quantum space
EAdS 2 :


−i(q + q −1 )1/2 x+
−qx3
.
(2.26)
X=
−i(q + q −1 )1/2 x−
q −1 x3
This matrix has the properties that it is Λ-Hermitian with Λ = σ3q , i.e., X ∗ = σ3q X(σ3q )−1 , and satisﬁes the
q-deformed trace condition Trq X = q −1 X11 + qX22 = 0.
For each irreducible unitary ﬁnite-dimensional representation of the compact semisimple Lie group
SU (2), we can analytically continue the representation to a ﬁnite-dimensional necessarily nonunitary representation of the noncompact semisimple Lie group SU (1, 1). The two Lie groups SU (2) and SU (1, 1) have a
common maximal compact subgroup U (1) and a common complexiﬁcation, which is the Lie group SL(2, C).
Considering the lowest-dimensional irreducible representation of the Lie algebra su(2), which is represented
by the Pauli matrices σ1 , σ2 , and σ3 , we can construct a two-dimensional nonunitary representation of the
Lie algebra su(1, 1) as
Σ1 = iσ1 ,
Σ2 = iσ2 ,
Σ3 = σ3 .
(2.27)
The quantum version of these matrices is

Σq1 =

Σq2 =



⎛
0
[2]
Σ1 = ⎝ 
2q
i [2]
2q

[2]
2q

i

⎞
⎠,

0


⎛
0
[2]
Σ2 = ⎝ 
2q
− [2]
2q

[2]
2q

0

⎞
⎠,


Σq3 =

q

(2.28)



0

0 −q −1

.

We can deﬁne two new operators Σq+ and Σq− as
⎛
Σq+ = Σq1 + iΣq2 = ⎝

0 −i
0



⎞
[2]
q

⎠,

0

⎛
Σq− = Σq1 − iΣq2 = ⎝

−i

0


0
[2]
q

⎞
⎠.

(2.29)

0

Using (2.26), (2.28), and (2.29), we easily obtain
X = Σq · x = Σqi η ij xj = Σq1 x1 + Σq2 x2 − Σq3 x3 = Σq+ x+ + Σq− x− − Σq3 x3 .

(2.30)

It is easy to see that because Σqi is Σ3 -pseudo-Hermitian, i.e., (Σqi )∗ = Σ3 Σqi Σ−1
3 , X is a Σ3 -pseudo-Hermitian
−1
∗
operator: X = Σ3 XΣ3 .

3. Spin-1/2 q-deformed pseudoprojectors of the left and right
2
q-deformed projective A(EAdSqμ
)-modules
According to the Serre–Swan theorem, spaces in a noncommutative geometry are replaced with algebras
U(1)

3
−−−→
of functions on these spaces. Therefore, instead of studying the principal quantum ﬁbration AdSqμ
2
EAdSqμ , we study the noncommutative ﬁnitely generated projective module of its sections. To construct
the left and right projective modules, we must construct the pseudoprojectors of these modules.
We can write the pseudoprojectors for the right projective module as

R
=
P[l±1/2]
q

1386

1
X + μq /[2]q
1± 
.
[2]q
μ2q /[2]2q − 1

(3.1)

2
Here, we must require μ2q /[2]2q − 1 ≥ 0, i.e., either μq ≥ [2]q (for the upper branch of EAdSqμ
) or μq ≤ −[2]q
2
(for the lower branch of EAdSqμ ).
After deﬁnitions (2.22) and (2.26) are used, expression (3.1) becomes

±[2]q Σq · LR + [2l − 1]q ± 1
.
[2]q [2l − 1]q

R
P[l±1/2]
=
q

(3.2)

This relation connects the right angular momentum (for spin 1/2) to its maximum value  + 1/2 and its
minimum value  − 1/2. It is easy to see that
R
R
P[l+1/2]
+ P[l−1/2]
=
q
q

2
.
[2]q

(3.3)

2
)-module and therefore
We have the projectors of our right projective A(EAdSqμ
2
2
R
2
R
))2 = (A(EAdSqμ
))2 P[l+1/2]
⊕ (A(EAdSqμ
))2 P[l−1/2]
.
(A(EAdSqμ
q
q

(3.4)

In the limit q → 1, this reduces to the condition
R
R
+ Pl−1/2
= 1.
Pl+1/2

(3.5)

Using (3.2), we can deﬁne the corresponding q-deformed idempotent as
R
ΓR
[l±1/2]q = [2]q P[l±1/2]q − 1 =

±[2]q Σq · LR ± 1
.
[2l − 1]q

(3.6)

In the limit q → 1, Eqs. (3.2) and (3.6) become
R
Pl+1/2
=

Σ · LR + l
,
2l − 1

ΓR
l±1/2

R
2Pl±1/2

=

R
Pl−1/2
=

−Σ · LR + l − 1
,
2l − 1

±2Σ · LR ± 1
,
−1=
2l − 1

(3.7)

which are the results in [21].
L
The projectors P[l±1/2]
connecting the left momentum (for spin 1/2) to its maximum and minimum
q
values l ± 1/2 are obtained by changing LR to −LL in the above expressions:
L
P[l±1/2]
=
q

∓[2]q Σq · LL + [2l − 1]q ± 1
.
[2]q [2l − 1]q

(3.8)

We also ﬁnd the corresponding idempotents:
L
ΓL[l±1/2]q = [2]q P[l±1/2]
−1=
q

∓[2]q Σq · LL ± 1
.
[2l − 1]q

(3.9)

In the limit q → 1, Eqs. (3.8) and (3.9) become
L
=
Pl+1/2

−Σ · LL + l
,
2l − 1

ΓLl±1/2

L
2Pl±1/2

=

L
Pl−1/2
=

Σ · LL + l − 1
,
2l − 1

∓2Σ · LL ± 1
.
−1=
2l − 1

(3.10)
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Here, it is again easy to see that
L
L
P[l+1/2]
+ P[l−1/2]
=
q
q

2
.
[2]q

(3.11)

2
)-module and therefore
We have the projectors of our left A(EAdSqμ
2
2
L
2
L
))2 = (A(EAdSqμ
))2 P[l+1/2]
⊕ (A(EAdSqμ
))2 P[l−1/2]
.
(A(EAdSqμ
q
q

(3.12)

Obviously,
2
lim (ΓL,R
[l±1/2]q ) = 1,

(3.13)

q→1,
l→∞

just as we expected for the commutative chirality operator.

4. The q-deformed quantum Ginsparg–Wilson algebra and its
spin-1/2 q-deformed quantum Dirac and chirality operators
The q-deformed quantum Ginsparg–Wilson algebra Aqμ is the ∗-algebra over C generated by two
∗-invariant q-deformed involutions Γqμ and Γ qμ :

Aqμ =

Γ , Γ
qμ

 qμ

qμ 2

: lim (Γ ) = lim (Γ
q→1

q→1

(Γqμ )∗ = ΛΓqμ Λ−1 ,

 qμ 2

) = I,

(Γ qμ )∗ = ΛΓ qμ Λ−1


,

(4.1)

where the operator Λ is ∗-Hermitian, involutory, and unitary:
Λ∗ = Λ,

Λ−1 = Λ∗ .

Λ2 = 1,

(4.2)

Each representation of (4.1) is a realization of the q-deformed Ginsparg–Wilson algebra.
qμ
We now consider two elements constructed from the generators Γqμ
1 and Γ2 of the q-deformed quantum
Ginsparg–Wilson algebra Aqμ :
Γqμ
1 =
Γqμ
2

1
(Γqμ + Γ qμ ),
[2]q

1
=
(Γqμ − Γ qμ ),
[2]q

qμ −1
∗
(Γqμ
,
1 ) = ΛΓ1 Λ

(4.3)
∗
(Γqμ
1 )

=

−1
ΛΓqμ
.
2 Λ

qμ
qμ
qμ
L
R
The elements Γqμ
1 and Γ2 anticommute, {Γ1 , Γ2 } = 0. Respectively identifying Γ[l+1/2]q and Γ[l+1/2]q
qμ
qμ
with Γ1 and Γ2 , we obtain

Γqμ
1 =

1 [2]q Σq · Lq − 2
,
[2]q
[2l − 1]q

Γqμ
2 =

1 [2]q Σq · (LL + LR )
,
[2]q
[2l − 1]q

(4.4)

where Lq is the q-deformed quantum version of the angular momentum operator.
We now deﬁne the Σ3 -pseudo-Hermitian q-deformed quantum Dirac and chirality operators on the
q-deformed quantum space EAdS 2 as
Dqμ = [2l − 1]q Γqμ
1 =

1
([2]q Σq · Lq − 2),
[2]q

γqμ = Γqμ
2 .

(4.5)

We take the abovementioned third limit:
lim

q→1, μ→0
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Dqμ = σ · L − 1,

lim

q→1, μ→0

γqμ = σ · x.

(4.6)

These are the correct Σ3 -pseudo-Hermitian Dirac and chirality operators on the commutative space EAdS 2 .
It is also easy to see that
lim {Dqμ , γqμ } = 0,
(4.7)
q→1,
μ→0

just as we expected for the Dirac and chirality operators on EAdS 2 .
2
Our operators Dqμ and γqμ are not the only Dirac and chirality operators on EAdSqμ
. In a noncom2
mutative geometry, the right and left A(EAdSqμ )-modules are not isomorphic. Because the left and right
momentum operators are not equivalent, we can choose another set of operators to construct our q-deformed
Ginsparg–Wilson algebra. Choosing ΓL[l+1/2]q and ΓR
[l−1/2]q and considering
[2l − 1]q (ΓL[l+1/2]q − ΓR
[l−1/2]q ),
we obtain the correct Dirac operator (4.6) in the limit case. The corresponding chirality operator is obtained
from
1
(ΓL
+ ΓR
[l−1/2]q )
[2]q [l+1/2]q
because we also have a correct limit (4.6) in this case.
Another possibility is to combine ΓL[l−1/2]q and ΓR
[l+1/2]q . We deﬁne
−[2l − 1]q (ΓL[l−1/2]q − ΓR
[l+1/2]q ),

1
(ΓL
+ ΓR
[l+1/2]q )
[2]q [l−1/2]q

as the respective Dirac and chirality operators. This exhausts all possible combinations.

5. Conclusion
Using q-deformed quantum pseudoprojectors and idempotents of a ﬁnitely generated q-deformed projec2
)-module, we have constructed the generators of the q-deformed quantum Ginsparg–Wilson
tive A(EAdSqμ
algebra. Using this algebra, we constructed q-deformed quantum Dirac and chirality operators. The value
of these operators is that they have the correct commutative limit.
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12. T. Brzeziński and S. Majid, “Quantum group gauge theory on quantum spaces,” Commun. Math. Phys., 157,
591–638 (1993).
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