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Super quantum Dirac operator on the g-deformed super fuzzy
sphere in instanton sector using quantum super Ginsparg-Wilson

algebra
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Abstract

It has been constructed the quantum super fuzzy Dirac and chirality operators on g-deformed super fuzzy
sphere. Using the quantum super fuzzy Ginsparg-Wilson algebra, it has been studied the g-deformed super gauged
fuzzy Dirac and chirality operators in instanton sector. It has been showed that they have correct commutative

limit in the limit case when noncommutative parameter / tends to infinity and q tends to unit.
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1 Introduction

Dirac and chirality operators are two important self-adjoint operators for the Connes-Lott approach to noncom-
mutative geometry. A unital spectral triple [1-2], (A, H, D) consists of a complex unital x-algebra A, faithfully
x-represented by bounded operators on a separable Hilbert space #, and a self-adjoint operator D : H — H (the
Dirac operator) with the following properties:

ethe resolvent (D — \)~1, \ ¢ R is a compact operator on H,

efor all a € A the commutator [D, 7(a)] is a bounded operator on H.

A spectral triple (A, H, D) is called even if there exists a Z»o-grading of , i.e. An operator v : H — H with
v* = v and 72 = 1, such that yD + Dy = 0 and ya = a7y for all @ € A. Otherwise the spectral triple is said
to be odd. For odd dimensional manifolds, there are no chirality operators and in such a case, the Dirac operator
describes only the differential structures. There are three types of Dirac and chirality operators on the fuzzy two-
sphere. Ginsparg-Wilson Dirac operator, Dgy [3-10], Watamura-Watamura Dirac operator Dy [11-13] and
Grosse-Klimcik-Presnajder Dirac operator Dg i p [14-15]. These three types of Dirac operators are compared
with each other in [16]. The fuzzy super sphere Sﬁ?‘” was extensively studied in [17,18]. It has been showed

that the S}Qm is described by the irreducible representations of the Lie superalgebra uosp(2|1). After that, many
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studies on different aspects of field theory on SI(,QIQ) have been caried out [19-25]. The star product on the SI(,QIQ)

has been studied in [19]. In[20] non linear sigma model on 592) has been studied. Gauge theory on 592)
from a supermatrix model has been investigated in [21,22]. Graded Hopf fibration and its corresponding super
monopole has been studied in [23,24,25]. The idea of gq-deformed geometry was extensively studied in the late
1980 s and 1990 s. The gq-deformed Hopf fibration has been studied in the frame work of Hopf-Galois extension
in [27]. Podles sphere are introduced in [28-29]. The g-deformed Dirac operator on quantum Podles sphere has
been studied from different approaches [30-35]. The g-deformed Watamura-Watamura Dirac operator D,,y;,, has
been studied in [30]. The authors were constructed Dirac and chirality operators on noncommutative space having
U, (su(2)) as the symmetry group. It has been argued that the Dirac operator is covariant and in the commutative
limit where the underlying space is Podles sphere, the full rotational invariance of the Dirac operator is recovered.
It was further shown that the Dirac operator reduces to that obtained in [12]. In [32] the goal of the authors is to
describe g-deformed version of GKP Dirac operator on quantum sphere.In [5] it has been showed that how one can
construct gauged Dirac operator in instanton sector on fuzzy sphere. To construct the q-deformed Dirac operator
on quantum fuzzy super sphere we need the quantum deformation of the superalgebra osp,(1|2). In [36,37] a
quantum analogue of the simplest super algebra osp,(1|2) and its finite dimensional irreducible representations
have been studied. In [38], quantum super 2-spheres and the corresponding quantum super transformation group
are introduced. In this paper we generalize Ginsparg-Wilson algebra to quantum super fuzzy Ginsparg-Wilson
algebra and construct its super Dirac and chirality operators. This paper is organized as follows: In section 2 we
briefly study the super sphere, fuzzy super sphere and g-deformed fuzzy super sphere. In section 3, it has been
studied the quantum graded Hopf fibration and its projective module construction. In section 4, spin % g-deformed
superprojectors of the left and right superprojective A(Séilz))—module have been constructed. Quantum super
fuzzy Ginsparg-Wilson algebra and its superSpin % fuzzy g-deformed super Dirac and chirality operators have
been studied in section 5. In section 6, quantum super gauged Dirac and chirality operators was constructed. In
section 7, instanton coupling and in section 8, gauging the quantum super fuzzy Dirac operator in instanton sector

have been studied, respectively.

2 Supersphere, fuzzy supersphere and q-deformed fuzzy super sphere

The superspace R(|?) is defined as the algebra of polynomials in generators x; and 6., satisfying reality conditions
ot =2, 0% =eap05. 2-1)

The equation characterizing the adjoint orbit S12) of UOSp(2|1) is
SR = ((z;,04) € RBP | ;2 + capbabp = 1) (2-2)

The uosp(2|1) algebra contains the su(2)algebra as its maximal bosonic subalgebra and consists of five generators

there of which are bosonic L; (i = 1, 2, 3)and two of which are fermionic L, (« = 4, —). They satisfy:
[Lza L]] - ZEijLka [le La] = 1/2(0—1)BQL,37 {Laa L,B} = 1/2(60—1)04,31/7, (2'3)

where € = i03. The even part of this algebra is su(2), which is generated by L;, and the odd generators L,, are

su(2) spinors. The irreducible representations of uoso(2|1) algebra are characterized by the Casimir operator

Cuosp(2|1) =L;L; + eagLaL@, (2-4)
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and its eigenvalues are given by [(I + 1/2) with [ superspin that takes non-negative integers and half-integers,

1=0,1/2,1,.... L; and L,, are super Hermitian

Lb=Li=L, I}=L, 2-5)

83

where 1 is the super-adjoint. Noncommutative geometry is a pointless geometry. In this geometry instead of the co-
ordinates (;, 0, ) of S?1?), the uosp(2|1) angular momentum generators in the unitary irreducible | —representation
space have the role of the points of the fuzzy S i.e S,(fp). Let us consider X; = pL; and O, = puL, with p

determined by the value of uosp(2|1) Casimir operator

1

/ﬂ—fﬂ = Cuosp(2|1) = l(l + 1/2) (2-6)

Then, the noncommutative coordinates

L; L
Xi= e Ou= @7

VIO+1/2)A /11 + 1/2)
which satisfy the uosp(2|1)algebra
1
[ — . ,
S+ L2

1

N IESVE R

1
NS Ve

are determined fuzzy supersphere S ,32‘2) by relation

(X, X5] =
[Xia @a] =

{©a,05} = (2-8)

X X + 50:[3@@@[3 =1. 2-9)

The coordinates (z;, 6, ) of commutative supersphere can be obtained as the limit case

L.R L,R L.R L,R
. L L ’ L 7
= lim —~—, 60, lim —&—— = lim O‘T (2-10)

hm B E— = 11
I=oo \/I(1 + 1/2) 1o l 1=oo /(I +1/2) 1=0

v, S212) | the module of sections is G(S(?12))-module T>°(S12), E()) in which

T =

In the Hopf fibration S(3I2)
G(S®1?) is the commutative algebra of superfunctions on the supersphere S(212). In the fuzzy case, this algebra
is a noncommutative algebra and therefore left and right modules are not isomorphic. In this case to each angular
momentum operator L = (L;, L,,), We associate two linear operators LY and L% with the left and right actions on

the fuzzy super Hermitian matrix algebra A; = {¢ € My 1(Cp)}:
Li =Ly, LW =49Li, Lip=La, Lip=1vLa, V€A, (2-11)

where the right action satisfies the uosp(2|1) algebra with minus sign (—L®, — L) These left and right operators
commute with each other:

[LE, LF =0, [LL Lf=o0. (2-12)

The LY and L have the same uosp(2|1) algebra with the Casimir Clpsp(2)1):

Cuosp(ziy = L¥ - LE = L L = (1 + 1/2)1. (2-13)
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We use LZ, L% to define the fuzzy version of orbital momentum operator £ on the fuzzy supersphere Sé‘zu). We

define £ by the adjoint action of L; and L, on the A;:
Li = (Lf = LY = adp ¢ = [Li, ¢). (2-14)

Lot = (LE — LYY = adp, ¢ = [La, Y. (2-15)

Let, 01, 02, 03, be Pauli matrices of su(2) Lie algebra. Then, we can define the super version of these matrices as

the fundamental superspin 1/2 representation of uosp(2|1)as:

o, 0 0 Te
¥, =1/2 , Ya=1/2 (2-16)
0 0 —(eTa)t 0O

with e = ioe, 71 = (1,0)" and 75 = (0, 1)". Let us define the q- number n as

=L —L_ (2-17)

q—q '
Let us denote by 55,2)2) the fuzzy quantum supersphere. Also, we denote the generators of the coordinate

algebra of Séiu) ie. A(Séiu)) by X4, X_, Xo,04,0_, along with the unit 1. Let us define these coordinates as

2],L; 2], L
Xi, — [ ]q ? , @a — [ ]q o (2_18)
[21]4[21 + 1], il /[21]4]21 + 1]4
They satisfy the commutation relations:
X, X —X_ X, =upXo—(¢g—qg X2, [Xo, X4y = £pXa, (2-19)
with the supersphere constraint
X X = Z Q"X X +eapbols = X2 +qX_ Xy + ¢ ' X X +eapbals = 1. (2-20)

0,£

The group UOSp,(2/1) is the symmetry group of S(giu). The quantum superalgebra U, (uosp(2|1)) = wosp,(2|1)

is the Zo— graded unital associative algebra generated by the even element L and the odd elements L. satisfying
the relations

[Lo,Li] = +Le, {Ly,L_} = [2Lo). (2-21)

The uosp,(2|1) can be concretized by adding the grade involution E to the set of generators. Thus the quantum

superalgebra uosp,(2|1) satisfy the relations
[LOaL:I:] ==Ly, {LJrvL*} = [2L0]q1/2a {Ea L:I:} =0, [Ea LO] =0, E? =1. (2-22)

By introducing new generators

K=gql, K 1=qg*to, (2-23)
one can write equations (2-22) as:
KL ,K'=qL,, KL . K'=¢'L., KK'=1, E?=1,
[K,E]=0, [K ' E]=0, {Ly E}=0, {Ly L }= % (2-24)
The Casimir operator C.p, (21) Which defines as
Cuospy2i1) = (L L — [Lo — 1/2]g)E (2-25)
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21],[20 + 1
% which in the limit case ¢ — 1

reduces to [(I + 1/2). Introducing the coproduct map A : uospq(2|1) — wospy(2]1) @ uospy(2|1), counit map

commutes with all the generators in (2-22) and has the eigenvalues

€ : uospq(2|1) — C and coinverse map o : uospy(2|1) — uospy(2|1), the Hopf algebra structure of uosp,(2|1)

can be given by the relations
AL)=L,®KE+1®L;, AL)=L_®E+K '®L_

AK)=K®K, AE)=E®FE
e(E)=1, €eK)=1, e(Ly)=0,

o(Ey=E, o(K)=K', o(Ly)=-L K 'E, o(L_.)=-KL_E. (2-25)

In the quantum fuzzy supersphere Séi‘z) we have two different parameter ¢ and p, which we take to be real.

Then, there are different limiting cases. These different limits can be expressed as:
o first limit: S35 2 — S1% — §212) (¢ — 1 followed by ;1 — 0)
e second limit: Séip) — 532‘2) — SCI2) (4 — 0 followed by ¢ — 1)
o third limit: Séilz) — SR (u — 0, ¢ — 1 simultaneously).
where Séilz) is the fuzzy supersphere. Similar to definition (2-7), using the Casimir (2-25), we define yi, as:
2
Ha = [21][q []qu Y (220

1

VIO+1/2)

In the third limit case the constraint (2-20) becomes the well known supersphere S

where in the limit ¢ — 1 it becomes

212).

XX =TT + €qpbalp = 1. (2-27)

Let, 01,02, 00, be Pauli matrices of su(2) Lie algebra. Then, we can define the g-deformed version of these

matrices as:

2 2 0 1 2 2 0 1 q 0
0'(1]: %Jl_ % 0 ) Ug: %0’2_ % 10 ) 0—8: 1
\ \ i \ \ - —q

0
(2-28)
Now, we can define the super version of these matrices as
ST L) IS v (2-29)
SR o o) T R\ )t o
with e =icg, 71 = (1,0)" and 75 = (0, 1)".
3 Module construction
Consider the U (1) principal fibration 7 with SC12) = 7O Sp(2|1) as total space:
U(]_) rightU(1)—action 5(3‘2) LN S(2|2), (3-1)

over the (2|2)—dimensional supersphereS(?/?)which is a DeWitt supermanifold over the usual sphere S? as body.

The total manifold is S®I?)with (1|2)—dimensional supergroup UOSp(2|1)as its supersymmetry group. The
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structure supergroupis U (1). Let Bo, = G*®(SCI2) Op) and Ac, = G=(S?1?),C}) denote the graded algebras
of C'.-valued smooth functions on the total super manifold S3/?) and base supermanifold S(!?) under point-wise
multiplication, respectively. Here, Cr, is complex Grassmann algebra with L generators. Similar to the group
U (1), the irreducible representations of the supergroup U (1) are labeled by an integer n. The elements of B¢, can

be classified into the right modules,
CEny (8PP, CL) = {p(an) : 5P = CL,  pan(p-w) =wFW 0(p), Vpe SR vweU1)}, (3-2)

over the pull back of the A¢, . The left actions of the supergroup U (1) on C/, are labeled by an integer n which
characterizes the bundle. The Serre-Swan theorem [26] states that for a compact smooth manifold M, there is a
complete equivalence between the category of vector bundles over that manifold and bundle maps, and the category
of finitely generated projective modules over the algebra C'(M) of functions over M and module morphisms. In
algebraic K -theory, it is well known that corresponds to these bundles, there are super projectors P, [25] such that,

for the associated super vector bundle
EM = 562 » ;0 & SCP), (3-3)

right Ac, -module of sections T>°(S2) B(")) which is isomorphic with fol)(S(:’"Q), C1) is equivalent to the
image in the free module (A¢, )"+ = G>=(S?12) Cp) ® C7"* of a super projector P, T (S22 B() =

P, (Ac, )?"t1. The super projector P, is a super Hermitian operator of super rank 1 over C,

P, € Myn41(Ac,), P:=P, Pi=p, StrP,=1. (3-4)

n n

where Str is super trace and1 is the constant super function. For the right Ac-module of sections I'*°(S(212), (™)
there exist n + 1 super projectors P, Ps, ...., P41 having the same super rank 1. Therefore the free module

(Ac, )?" T can be written as a direct sum of the projective Ac, —modules,

2n+1
ACL 2n+1 @ P AC 27’L+1 (3_5)

The quantum super Hopf bundle is a U(1)—bundle over the quantum super sphere Séiu)with standard Podles
sphere S 3 as its body and whose total manifold is the super quantum manifold Séim. The sphere Sg is a quantum
Homogeneous space SUq(2). Let us denote by A(Sqdl2 ), A( ((“2“2)) and A(U(1)) the coordinate algebras of the
total space Squ , base space S((m‘ ) and the fibre U (1), respectively. The algebra inclusion A(Séim) — A(S((Iiu))
which is a Hopf-Galois extension is a super quantum Hopf bundle. It is the algebraic version of the first super

(3]2) Uq(1)

quantum Hopf fibration Sg; Séim. The quantum associated bundle is given by [28]

B ={z e ASPP): k-2 =q%z, k€ A(U,(1))}. (3-6)

Each E{™ is clearly a A(S'2®))—bi-module and is equivalent to the image in the free module (A(S\2?))2n+1

of a self-adjoint quantum projector Pq(n) in M atg,,,+1(A(Séi|2))) (for n > 0). We identify E(gn) with the left
A(SS2) —module of sections (A(S{2>))2n+1 M.

4 Spln q-deformed superprojectors of the superprojective A(S; (2 |2)) —module

According to the Serre-Swan’s theorem, in noncommutative geometry, the study of the super principal fibration

Séip) ﬂ S((Iim, replaces with the study of noncommutative finitely generated projective A(S((Ii‘z))—module of
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its sections. To build the left and right q-deformed superprojective modules we should construct the q-deformed

fuzzy superprojectors of these modules. The q-deformed superprojectors for left projective module can be written

as:
1 (- X+ 42)
pr, =L e 1)
[1+35]q [2]q u2
oz +1
where we define inner product as
>.X = Z (@)L X +€082aOp8. (4-2)
m=0,+
substituting (2-26) in (4-1) we can write:
1 [2],29-LE +1
Pisiy, = gl * o ) 4-3)

20,20+ 1, + 1

. 1 . . 1
which couples left super angular momentum and superspin 3 to its maximum and minimum values [ + 2’ respec-
tively. It is easy to see that

L )
u, tHisy, = ], (4-4)

These are the superprojectors of our left projective A(Sl(flz))—module

(A(Séi‘Q)))Q = (A(S(2|2))) P[L e @ (A(S(2|2)) P[lL__]

Using (4-3) we can define the corresponding super idempotents as:

2], -LE +1
Ty, = Dbl ~1 = s 2 L L @
2 [20]4[20 + 1], + 11
. . . I .
The q-deformed superprojectors P[l L, coupling the right super momentum and super spin 3 to its maximum and

1
minimum values [ 4 o respectively are obtained by changing (LY, L) to (=L, — L) in the above expression

PR 1 [2],%9 - L* —
[l:l:l/2]q \/Tfﬁ

These are the q-deformed superprojectors of our right projective A(S(gilz))

(4-6)

—module

@ (A(SEP)2pl

(A(S((Iim))z = (A(SéZIQ)))QPR (-3

[1+3]q

The corresponding q-deformed superidempotents are

R
Pliey), =

[]PR 1= []EQLL

(£3) 1/25 20 + 1A

4-7)

5 Super fuzzy q-deformed Ginsparg-Wilson algebra and its superspin %

fuzzy q-deformed super Dirac and chirality operators

The g-deformed super fuzzy Ginsparg-Wilson algebra A, is the | -algebra over C,, generated by two I -invariant

super involution I, and I'y ,

-Aqu _ <1-\qp,’ F/QIJ«: (]_"‘IH)Q _ (FIQH)Q _ I, (l—wqp)i _ ]_—\qp,7 (FIQM)i _ l—x/q}‘«>’ (5_1)
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each representation of (5-1) is a realization of the q-deformed super Ginsparg-Wilson algebra. Now, consider the
following two elements constructed out of the generators 'y, and I'}, of the super fuzzy Ginsparg-Wilson algebra

Agp:

1
1—11 1 1
"2, o F;”) ’ (P )i Lous
1
F2 F -T F2 F2
qp [2]q( ;p,) ’ ( qp )i qp” (5'2)

So that, '}, and I'2,, anticommute with each other:

{Tgw Tan} = 0. (5-3)
Identifying F[li 1, and Fﬁi%] with T'g,, and T ,, we get:
9. L9 41 . (LY +LE
I'f =+ £ , Iy =4%+ Lo+l (5-4)

[20][20+ 1], + 1

VR + 1, +1

Now, let us define the g-deformed super fuzzy Dirac operator on quantum super fuzzy sphere Séip) as

D, = /202l + 1)y + 1T, = £(B9- L9+ 1) =£( Y ("8, L8, +eapSlLl+1). (59
m=0,+

In the limit case (5-5)becomes the super Dirac operator on the commutative super sphere S(22):

lim Dy, =+%-L+1=%2(5L; +capSals +1). (5-6)

l—o00,q—1

where £;and L, are super angular momentum operators on super sphere S(22)

. 0 1 0
Ei = —261]kx]m + ﬁga(()ﬁ)aﬁm (5-7)
and
1 0 1
ﬁa - ﬁxi(go—i)aﬁ 89/3fﬂ QfHO (Jz)ﬁaa fﬂ (5'8)

Also, we can define q-deformed super chirality operator on Sy, (212) 'y(i = I‘ziq ., Which in the commutative limit
it becomes:

Vo, = £5 - x = £(Z2; + €apSabp). (5-9)

l—00,q—1
Also, it is easy to see that

hm {un,'yqu} =0 (5-10)

l—00,q

which we expect from Dirac and chirality operators on S(212).

6 Super fuzzy gauged q-deformed Dirac operator ( no instanton fields)
Let us denote by A” the super connection 1—form associated with the q-deformed superprojector P

A" € Endp,, (G*(UOSp,(2/1)),CL) @5, Q" (UOSp,(2[1)),CL) (6-1)
The components of this super U (1)gauged field according to our q-deformed super Hopf fiberation are given by

A= Z ()" dx_py Apy + dbo A, (6-2)
m=0,%
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The —invariant super fuzzy gauge field A” actson & = (¢1, ..., &), & € Séilz)(lll +1)as:
(A O m = (Aia)mnbn. (6-3)
The {-invariant condition on Al is:
(AP = AF, (AD) = —(01)asAs. (6-4)

The super fuzzy gauge field A” on the commutative super sphere S(2) becomes a commutative field a and its

components a; .satisfies the following condition:
X-a=xa; +capbaas = 0. (6-5)

We need a condition to get the above result for large . One of the conditions of such a nature is:

M[21],20 + 1
LY+ AN WP+ AN =LY L= > ()"L-mLm + capLlals = {20,120 + 1o ][;%Qf; i (6
m=0,% q
The expansion of (6-6) is:
> (@A LE + LR A +eap(LEAL + ALLE) + AT - AT =0 (6-7)

m=0,+

L

i,

l
x;, Onand a, respectively . So we have the condition x - a = 0 on the commutative supersphere.

When the parameter [ tends to infinity and ¢ — 1, tends to zero. Also, in this limit LiL, Lg and Af ., tends to

Now, we can introduced the q-deformed super gauged Ginsparg-Wilson system as follow: We can set:

2,39 (L + AL) +1 / / 2,27 L% -1
It (Al) = + s W(AN) =T+(0) =7 =—7—— 6-8
R PRI ED UES T PR S
It is an involutory and i-invariant operator:
Tgu(AR)? =1, Tgu(A")F =T, (A). (6-9)
The gauged involution (6-8), reduces to (4-5) for zero AL. We put 'y, = I',, (AL = 0).
Also, we can define the second gauged involution as:
I, (A")=T,0) =T, (6-10)
We put F:m = F;M(AL = 0). Notice that, the operators L% do not have continuum limit as their squares
2l]4[21 + 1],
% diverege as [ tends to infinity. In contrast, £ and A” do have continuum limits.
It is easy t% see that up to the first order (6-8) becomes:
2,39 (LF + AL) +1
F;ﬁL(AL):i[ 2 (L A+ (6-11)
20421+ 1], + 1
and
/ 2], 29 - L —1
o= 12l . (6-12)
20421 + 1], + 1
Using (6-11)and (6-12) we can construct the following {—invariant operators:
1
A0 = IR AD 4T () =T
1q (6-13)
+ Ly _ + (4L I+ + _ ot
Fqu,(A ) - E(FQM(A ) - qu,) ) (FQqu)i - Fun'
9
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Now, let us define the q-deformed gauged super fuzzy Dirac and chirality operators on quantum super fuzzy sphere
55,2)2) as:

Dy, (A") = \/[21]g[20 + 1], + 17, (A") = £(27 - (£7 + AF) + 1), (6-14)
and for the g-deformed super chirality operator:

[2],29 - (LY + LE + AL)

+ Ly _ p=* Ly _
Tau(A7) = Toqu (A7) = £ RI20+ 1], +1 (6-15)
In the third commutative limit, (6-14) and (6-15) become:
: + (ALY _ L : = A
lim Do (AY)=%(Z-(L+A)+1), lim g (A%) = +3 - x. (6-16)

l—o00,q—1 l—o00,q—1

These are the correct gauged super Dirac and chirality operators on commutative super sphereS (/2.

7 Instanton coupling

As we mentioned in section 3, according to the Serre-Swan’s theorem, in noncommutative geometry, the study of
the quantum super principal fibration Séi‘z) ﬂ 5(5,2)2), replaces with the study of noncommutative finitely gen-
erated projective A(Séi‘z))—module of its sections. To build the projective module, let introduce C**1 carrying
the ¢-representation of quantum super angular momentum of U, (uosp(2|1)). Here, the algebra U, (uosp(2|1)) is

generated by elements T and T, satisfying the following relation:
[To, Ty] = T4, {Ty,T_} = [2T0] /2. (7-1)

They also satisfy the relations (2-33)-(2-37). Let P[%l +6)+1/2], be the super projector coupling left super angular
momentum operator L™ with T to produce maximum angular momentum [ + . We know that the image of a

projector on a free module is a projective module. Then, as Mat(4l + 1)*+! = Mat(4l + 1) @ C**1 is a free

module, therefore, P[%lit)ﬂ/z}qMat(le + 1)+ is the fuzzy version of U(1) bundle on Séi‘”. Also, we can

4t+1

use the quantum super projector P[%zf 0+1/2], © produce the projective module P[%z )41 /Q]qM at(4l + 1) to

introduce the least angular momentum (I — ¢).

The superspin 1/2quantum super fuzzy projectors P[%z +)41/2), corresponding to (I+t)-representations of U, (uosp(1]2))

can be written as:

1 2,29 (LE+T)+1 L
L _ q i _ pL _
Pllz£1/2, = [Q]Qfﬂ[l + VRUEOL,20E0 + 1], + 1fﬂ]7 (e)+1/2), = Dl£0+1/2],0 (7-2)

Mat(l +1) ® C** = (Mat(4l +1) © C** )P4 o), & (Mat(ll+ 1) @ CUD BG4y, (7-3)
To set the quantum super fuzzy Ginsparg-Wilson system in super instanton sector, we choose the following
I—invariant involution Iy, for the highest and lowest super weights [ & ¢:

[2],37- (LF +T) +1
VRIEDR0E£) + 1], + 11

(7-4)

F;iLL(T) = [Q]QP[%lit)il/Q]q —l==%

We choose F:m asin (6-12). Itis clear that ', (T' = 0) = ', On the module (Mat(4l+1)4t+1®C2)P[%lit)ﬂ/2]q

we have:
o _ 20120 £1) +1],

f[2]3

(LE +7T)

(7-5)
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The quantum superprojectors P[Ié L)+,

1
coupling the right super momentum, super instanton and super spin 3 to
1
its maximum and minimum values (I + t) + 5> respectively are obtained by changing (LE,LE) to (-LE,-LE)

in the above expression

1 [2],27- (-Lf+T)+1
PR = [ 4 ] (7-6)
(020 = Tl -~ /RO £ 6)],20 1) + 1], + 1M
These are the quantum superprojectors of our right projective A(Séip) )—module
2|2)112 2(2)\\2 pR 2|2)\\2 pR
(AGSG)? = (AP Py gy, © (ASG) By, -
The corresponding quantum superidempotents are
2], 29 (L +T)+1
T(T) = 24P apyrye, — 1=+ 2,5 ( ) + (7-7)
‘ V£ 0] 200 £ 1) + 1], + 1
Now, we can introduce our quantum super fuzzy Ginsparg-Wilson system in super instanton sector as:
’ 2 2 ’ ’
AL (T)=(TL/(T), T, :TL (T)=T,, =1, IZHT)=T_(T), T} =T,) (7-8)

Now, consider the following two elements constructed out of the generators 'y, (T) and Ty, of the quantum super

fuzzy Ginsparg-Wilson algebra A, (T):

1
Fliqp,(T) = m(rifﬂ(T) + FZIM) , (quM)i = Fl(IIM
7-9
+ 1 + / t ( )
F2qp,(T) = E(FQM(T) - Fqu) s (FQqu) = F2q/1,~
Identifying Fﬁlit)i%]q and F[Iztlit)i%]q (T = 0) with " and I", it is easy to compute I‘qiul and I‘qilf. Now we can

define q-deformed super pseudo Dirac and chirality operators as

DE(T) = /200 6)]g[200 % 1) + 1], + 1y /[21], [20 + 1], + 175, (T)

qp lqp

Ve T) = /20 £ 0)][20 £ ) + 1] + 16 /[20][20 + 1], + 1S, (T) (7-10)

which in the third commutative limit become:

lim  DE(T)=+(2-(L+T)+1), lim ~5(T) =+%-x. (7-11)
l—00,q—1 l—00,q—1
These are the correct g-deformed super Dirac and chirality operators on commutative supersphere S(2/?) in the
instanton sector. It is obvious that the Dirac operator (7-10) is -invariant:
t
D (T) = DEEN(T). (7-12)

which we expect from commutative Dirac operator in instanton sector.

8 Gauging the super fuzzy Dirac operator in instanton sector

The derivation £; , dose not commute with the projectors Pq(ftit) and then has no action on the modules M at (41 +
1)Pq(,lft). But J; o = L o + 1} o does commute with Pq(,lft). Here, J; ., has been considered as the total quantum

super angular momentum. Now, we need to gauge .J; ,. When 7' = 0, the super gauge fields A; , were function

11



AlP

Publishing

of Lfa Here, we consider AL, to be a functions of L + T, because Afa dose not commute with Pq(ftit). Let us

introduce the super covariant derivative as:
Vi=Ji+ Al v,=J,+ AL (8-1)

In this case the limiting transversality of L + T can be guaranteed by imposing the condition:

21 £ t)]4[201 £ 1) + 1],

(LL+AL+T)-(LL+AL+T):(LL+T)-(LL+T):[

8-2
The expansion of (8-2) is:
(LE+T) A+ AF (LF+T)+ AL - AF =0. (8-3)
L
1,00 T
When the parameter [ tends to infinity, l’ and T tend to zero and (L, LE) tend to (z;,6,). Then, for large [,
the (8-3) tends to the condition x - a = 0. In this case the quantum super left projectors are given by
1 [2],3¢- (LE+T+A) +1 L
PE = 1+ d R = pt , 8-4
(1) %1/2]4 [g]qﬂq[ VRO OLR0ED £ 1], & th] [(t)+1/2], = Ll(x0)+1/2), (8-4)

and the corresponding involutions have the form
[2],39- (LE+ T+ AY) +1

rir, AY) = 2], PF —1= ,
( ) = RlaPgensa, VROEOLRIEL) + 1], + 1

qp

(8-5)

We choose I‘:m as in (6-12). The quantum superprojectors P[Ié L+,

coupling the right super momentum, super
1

instanton and super spin 3 to its maximum and minimum values ([ +t) + 3’ respectively are obtained by changing

(LE,LE) to (—=LE, —LE) in the above expression

1 [2],27- (-LE+ T+ AL) +1

Pl = 1+ 8-6
[(=0)£1/2], [2]qu[ VROEDLRIEL + 1, + i (80
and the corresponding idempotents can be given by
2], (-LE+ T+ AN +1
FqiMR(Tv AL) = [Q]qP[Zit)ﬂ/z]q —1= = (8-7)

V2T £ D)2 £ 1) + 1], + 1
Now, we can construct the gauged quantum super fuzzy Ginsparg-Wilson system in instanton sector and its corre-

sponding quantum super fuzzy Dirac and chirality operators as follow:

2

’7 2 7 !’
AE(T, AL = (TH(T,AY), T :TF (T,AY) =T =1, TH=r* r1i=r) (8-8)

Now, consider the following two elements constructed out of the generators I',,, (T, AL) and I, of the quantum

super fuzzy Ginsparg-Wilson algebra A, (T, AL):

1
Fliqu(T7 AL) = 2_(F;tM(T7 AL) + F;H) ) (quu)i = qu;u
[ 1]q (8-9)
Fétqp,(Ta AL) = W(F;‘L(T, AL) — F:Ht) s (ngu)i = FQQM'
a
Identifying Fﬁlit)i%]q and F[Iztlit)i%]q (T = 0) with " and I", it is easy to compute I‘fﬁ} and I‘flt/f. Now we can

define g-deformed super pseudo Dirac and chirality operators as

DE,(T, AY) = \/[2(1 % 0)]4[200 £ 1) + 1], + 1R\ /[20]g[20 + 1], + LATE,,,(T)

lqp

(T ALY = /204 0)]g[20 % 1) + 1y + 10y /[20],[21 + 1], + LATE,,,(T) (8-10)

which in the third commutative limit become:

lim D (T,A") =+(2-(L+T+A") +1), lim ., (T,A") =43 x. (8-11)

l—o00,q—1 l—o00,q—1

which we expect from commutative super gauged Dirac and chirality operators in instanton sector on S2),

12
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9

Conclusion

In this paper, using the quantum super projectors and idempotents of the finitely generated quantum super projec-

tive A(Séi‘z))—module it has been constructed the generators of the quantum super gauged fuzzy Ginsparg-Wilson

algebra in instanton sector. It has been constructed q-deformed super gauged fuzzy Dirac operator in instanton sec-

tor using the quantum super fuzzy Ginsparg-Wilson algebra. The importance of this Dirac operator is that it has

correct commutative limit.
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