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Abstract

It has been constructed the quantum super fuzzy Dirac and chirality operators on q-deformed super fuzzy
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fuzzy Dirac and chirality operators in instanton sector. It has been showed that they have correct commutative
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PACS: 74.45.+c; 85.75.-d; 73.20.-r

Keywords: q-deformed super fuzzy sphere, gauged quantum super Ginsparg-Wilson algebra, q-deformed gauged

super Dirac and chirality operators.

1 Introduction

Dirac and chirality operators are two important self-adjoint operators for the Connes-Lott approach to noncom-

mutative geometry. A unital spectral triple [1-2], (A,H, D) consists of a complex unital ∗-algebra A, faithfully

∗-represented by bounded operators on a separable Hilbert space H, and a self-adjoint operator D : H → H (the

Dirac operator) with the following properties:

•the resolvent (D − λ)−1, λ /∈ R is a compact operator on H,

•for all a ∈ A the commutator [D, π(a)] is a bounded operator on H.

A spectral triple (A,H, D) is called even if there exists a Z2-grading of H, i.e. An operator γ : H → H with

γ∗ = γ and γ2 = 1, such that γD + Dγ = 0 and γa = aγ for all a ∈ A. Otherwise the spectral triple is said

to be odd. For odd dimensional manifolds, there are no chirality operators and in such a case, the Dirac operator

describes only the differential structures. There are three types of Dirac and chirality operators on the fuzzy two-

sphere. Ginsparg-Wilson Dirac operator, DGW [3-10], Watamura-Watamura Dirac operator DWW [11-13] and

Grosse-Klimcik-Presnajder Dirac operator DGKP [14-15]. These three types of Dirac operators are compared

with each other in [16]. The fuzzy super sphere S
(2|2)
F was extensively studied in [17,18]. It has been showed

that the S
(2|2)
F is described by the irreducible representations of the Lie superalgebra uosp(2|1). After that, many
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studies on different aspects of field theory on S
(2|2)
F have been caried out [19-25]. The star product on the S

(2|2)
F

has been studied in [19]. In[20] non linear sigma model on S
(2|2)
F has been studied. Gauge theory on S

(2|2)
F

from a supermatrix model has been investigated in [21,22]. Graded Hopf fibration and its corresponding super

monopole has been studied in [23,24,25]. The idea of q-deformed geometry was extensively studied in the late

1980 s and 1990 s. The q-deformed Hopf fibration has been studied in the frame work of Hopf-Galois extension

in [27]. Podles sphere are introduced in [28-29]. The q-deformed Dirac operator on quantum Podles sphere has

been studied from different approaches [30-35]. The q-deformed Watamura-Watamura Dirac operator Dq
WW , has

been studied in [30]. The authors were constructed Dirac and chirality operators on noncommutative space having

Uq(su(2)) as the symmetry group. It has been argued that the Dirac operator is covariant and in the commutative

limit where the underlying space is Podles sphere, the full rotational invariance of the Dirac operator is recovered.

It was further shown that the Dirac operator reduces to that obtained in [12]. In [32] the goal of the authors is to

describe q-deformed version of GKP Dirac operator on quantum sphere.In [5] it has been showed that how one can

construct gauged Dirac operator in instanton sector on fuzzy sphere. To construct the q-deformed Dirac operator

on quantum fuzzy super sphere we need the quantum deformation of the superalgebra ospq(1|2). In [36,37] a

quantum analogue of the simplest super algebra ospq(1|2) and its finite dimensional irreducible representations

have been studied. In [38], quantum super 2-spheres and the corresponding quantum super transformation group

are introduced. In this paper we generalize Ginsparg-Wilson algebra to quantum super fuzzy Ginsparg-Wilson

algebra and construct its super Dirac and chirality operators. This paper is organized as follows: In section 2 we

briefly study the super sphere, fuzzy super sphere and q-deformed fuzzy super sphere. In section 3, it has been

studied the quantum graded Hopf fibration and its projective module construction. In section 4, spin 1
2 q-deformed

superprojectors of the left and right superprojective A(S
(2|2)
qµ )−module have been constructed. Quantum super

fuzzy Ginsparg-Wilson algebra and its superSpin 1
2 fuzzy q-deformed super Dirac and chirality operators have

been studied in section 5. In section 6, quantum super gauged Dirac and chirality operators was constructed. In

section 7, instanton coupling and in section 8, gauging the quantum super fuzzy Dirac operator in instanton sector

have been studied, respectively.

2 Supersphere, fuzzy supersphere and q-deformed fuzzy super sphere

The superspaceR(3|2) is defined as the algebra of polynomials in generators xi and θα satisfying reality conditions

x‡i = xi, θ‡α = εαβθβ . (2-1)

The equation characterizing the adjoint orbit S(2|2) of UOSp(2|1) is

S(2|2) = 〈(xi, θα) ∈ R(3|2) | xixi + εαβθαθβ = 1〉 (2-2)

The uosp(2|1) algebra contains the su(2)algebra as its maximal bosonic subalgebra and consists of five generators

there of which are bosonic Li(i = 1, 2, 3)and two of which are fermionic Lα(α = +,−). They satisfy:

[Li, Lj] = iεijkLk, [Li, Lα] = 1/2(σi)βαLβ , {Lα, Lβ} = 1/2(εσi)αβLi (2-3)

where ε = iσ2. The even part of this algebra is su(2), which is generated by Li, and the odd generators Lα are

su(2) spinors. The irreducible representations of uoso(2|1) algebra are characterized by the Casimir operator

Cuosp(2|1) = LiLi + ǫαβLαLβ, (2-4)
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and its eigenvalues are given by l(l + 1/2) with l superspin that takes non-negative integers and half-integers,

l = 0, 1/2, 1, .... Li and Lα are super Hermitian

L‡
i = L†

i = Li, L‡
α = Lα, (2-5)

where ‡ is the super-adjoint. Noncommutative geometry is a pointless geometry. In this geometry instead of the co-

ordinates (xi, θα) of S(2|2), the uosp(2|1) angular momentum generators in the unitary irreducible l−representation

space have the role of the points of the fuzzy S(2|2) i.e S
(2|2)
µ . Let us consider Xi = µLi and Θα = µLα with µ

determined by the value of uosp(2|1) Casimir operator

1

µ2ffl
= Cuosp(2|1) = l(l+ 1/2) (2-6)

Then, the noncommutative coordinates

Xi =
Li

√

l(l+ 1/2)ffl
, Θα =

Lα

ffl
√

l(l+ 1/2)
(2-7)

which satisfy the uosp(2|1)algebra

[Xi, Xj ] =
i

√

l(l+ 1/2)ffl
εijkXk,

[Xi,Θα] =
1

2
√

l(l+ 1/2)ffl
(σi)βαΘβ,

{Θα,Θβ} =
1

2
√

l(l+ 1/2)ffl
(εσi)αβLi (2-8)

are determined fuzzy supersphere S
(2|2)
µ by relation

XiXi + εαβΘαΘβ = 1. (2-9)

The coordinates (xi, θα) of commutative supersphere can be obtained as the limit case

xi = lim
l→∞

LL,R
i

√

l(l+ 1/2)
= lim

l→∞

LL,R
i

l
, θα = lim

l→∞

LL,R
α

√

l(l+ 1/2)
= lim

l→∞

LL,R
α

l
(2-10)

In the Hopf fibration S(3|2) U(1)
−−−→ S(2|2), the module of sections is G(S(2|2))-module Γ∞(S(2|2), E(n)) in which

G(S(2|2)) is the commutative algebra of superfunctions on the supersphere S(2|2). In the fuzzy case, this algebra

is a noncommutative algebra and therefore left and right modules are not isomorphic. In this case to each angular

momentum operator L = (Li, Lα), We associate two linear operators LL and L
R with the left and right actions on

the fuzzy super Hermitian matrix algebra Al = {ψ ∈M4l+1(CL)}:

LL
i ψ = Liψ, LR

i ψ = ψLi, LL
αψ = Lαψ, LR

αψ = ψLα, ∀ψ ∈ Al, (2-11)

where the right action satisfies the uosp(2|1) algebra with minus sign (−LR
i ,−L

R
α ) .These left and right operators

commute with each other:

[LL
i , L

R
j ] = 0, [LL

α, L
R
β ] = 0. (2-12)

The LL and L
R have the same uosp(2|1) algebra with the Casimir Cuosp(2|1):

Cuosp(2|1) ≡ L
L · LL = L

R · LR = l(l + 1/2)1. (2-13)
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We use L
L, LR to define the fuzzy version of orbital momentum operator L on the fuzzy supersphere S

(2|2)
F . We

define L by the adjoint action of Li and Lα on the Al:

Liψ = (LL
i − LR

i )ψ = adLiψ = [Li, ψ]. (2-14)

Lαψ = (LL
α − LR

α )ψ = adLαψ = [Lα, ψ]. (2-15)

Let, σ1, σ2, σ3, be Pauli matrices of su(2) Lie algebra. Then, we can define the super version of these matrices as

the fundamental superspin 1/2 representation of uosp(2|1)as:

Σi = 1/2





σi 0

0 0



 , Σα = 1/2





0 τα

−(ετα)
t 0



 (2-16)

with ε = iσ2, τ1 = (1, 0)t and τ2 = (0, 1)t. Let us define the q- number n as

[n]q =
qn − q−n

q − q−1
. (2-17)

Let us denote by S
(2|2)
qµ the fuzzy quantum supersphere. Also, we denote the generators of the coordinate

algebra of S
(2|2)
qµ i.e. A(S

(2|2)
qµ ) by X+, X−, X0,Θ+,Θ−, along with the unit 1. Let us define these coordinates as

Xi =
[2]qLi

√

[2l]q[2l + 1]qffl
, Θα =

[2]qLα

ffl
√

[2l]q[2l+ 1]q
(2-18)

They satisfy the commutation relations:

X+X− −X−X+ = µX0 − (q − q−1)X2
0 , [X0,X±]q = ±µX±, (2-19)

with the supersphere constraint

X ·X =
∑

0,±

qmX−mXm + εαβθαθβ = X2
0 + qX−X+ + q−1X+X− + εαβθαθβ = 1. (2-20)

The groupUOSpq(2|1) is the symmetry group of S
(2|2)
qµ . The quantum superalgebraUq(uosp(2|1)) = uospq(2|1)

is the Z2− graded unital associative algebra generated by the even element L0 and the odd elements L± satisfying

the relations

[L0, L±] = ±L±, {L+, L−} = [2L0]q1/2 . (2-21)

The uospq(2|1) can be concretized by adding the grade involution E to the set of generators. Thus the quantum

superalgebra uospq(2|1) satisfy the relations

[L0, L±] = ±L±, {L+, L−} = [2L0]q1/2 , {E,L±} = 0, [E,L0] = 0, E2 = 1. (2-22)

By introducing new generators

K = qL0 , K−1 = q−L0 , (2-23)

one can write equations (2-22) as:

KL+K
−1 = qL+, KL−K

−1 = q−1L−, KK−1 = 1, E2 = 1,

[K,E] = 0, [K−1, E] = 0, {L±, E} = 0, {L+, L−} =
K −K−1

q1/2 − q−1/2ffl
(2-24)

The Casimir operator Cuospq(2|1) which defines as

Cuospq(2|1) = (L+L− − [L0 − 1/2]q)E (2-25)
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commutes with all the generators in (2-22) and has the eigenvalues
[2l]q[2l+ 1]q

ffl[2]2q
which in the limit case q → 1

reduces to l(l + 1/2). Introducing the coproduct map ∆ : uospq(2|1) → uospq(2|1) ⊗ uospq(2|1), counit map

ǫ : uospq(2|1) → C and coinverse map σ : uospq(2|1) → uospq(2|1), the Hopf algebra structure of uospq(2|1)

can be given by the relations

∆(L+) = L+ ⊗KE + 1⊗ L+, ∆(L−) = L− ⊗ E +K−1 ⊗ L−

∆(K) = K ⊗K, ∆(E) = E ⊗ E

ǫ(E) = 1, ǫ(K) = 1, ǫ(L±) = 0,

σ(E) = E, σ(K) = K−1, σ(L+) = −L+K
−1E, σ(L−) = −KL−E. (2-25)

In the quantum fuzzy supersphere S
(2|2)
qµ we have two different parameter q and µ, which we take to be real.

Then, there are different limiting cases. These different limits can be expressed as:

• first limit: S
(2|2)
qµ −→ S

(2|2)
µ −→ S(2|2), (q −→ 1 followed by µ −→ 0)

• second limit: S
(2|2)
qµ −→ S

(2|2)
q −→ S(2|2), (µ −→ 0 followed by q −→ 1)

• third limit: S
(2|2)
qµ −→ S(2|2), (µ −→ 0, q −→ 1 simultaneously).

where S
(2|2)
qµ is the fuzzy supersphere. Similar to definition (2-7), using the Casimir (2-25), we define µq as:

µq ≡
[2]q

√

[2l]q[2l+ 1]
(2-26)

where in the limit q −→ 1 it becomes
1

√

l(l + 1/2)
.

In the third limit case the constraint (2-20) becomes the well known supersphere S(2|2):

x · x = xixi + εαβθαθβ = 1. (2-27)

Let, σ1, σ2, σ0, be Pauli matrices of su(2) Lie algebra. Then, we can define the q-deformed version of these

matrices as:

σq
1 =

√

[2]q
2q

σ1 =

√

[2]q
2q





0 i

i 0



 , σq
2 =

√

[2]q
2q

σ2 =

√

[2]q
2q





0 1

−1 0



 , σq
0 =





q 0

0 −q−1





(2-28)

Now, we can define the super version of these matrices as

Σq
i =

1

[2]qffl





σq
i 0

0 0



 , Σq
α =

1

[2]qffl





0 τα

−(ετα)
t 0



 (2-29)

with ε = iσq
2, τ1 = (1, 0)t and τ2 = (0, 1)t.

3 Module construction

Consider the U(1) principal fibration π with S(3|2) ∼= UOSp(2|1) as total space:

U(1)
rightU(1)−action
−−−−−−−−−−−→ S(3|2) π

−→ S(2|2), (3-1)

over the (2|2)−dimensional supersphereS(2|2)which is a DeWitt supermanifold over the usual sphere S2 as body.

The total manifold is S(3|2)with (1|2)−dimensional supergroup UOSp(2|1)as its supersymmetry group. The
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structure supergroup is U(1). LetBCL = G∞(S(3|2), CL) andACL = G∞(S(2|2), CL) denote the graded algebras

of CL-valued smooth functions on the total super manifold S(3|2) and base supermanifold S(2|2) under point-wise

multiplication, respectively. Here, CL is complex Grassmann algebra with L generators. Similar to the group

U(1), the irreducible representations of the supergroupU(1) are labeled by an integer n. The elements ofBCL can

be classified into the right modules,

C∞
(±n)(S

(3|2), CL) = {ϕ(±n) : S
(3|2) → CL, ϕ(±n)(p ·ω) = ω(±n) ·ϕ(p) , ∀p ∈ S(3|2) , ∀ω ∈ U(1)}, (3-2)

over the pull back of the ACL . The left actions of the supergroup U(1) on CL are labeled by an integer n which

characterizes the bundle. The Serre-Swan theorem [26] states that for a compact smooth manifold M , there is a

complete equivalence between the category of vector bundles over that manifold and bundle maps, and the category

of finitely generated projective modules over the algebra C(M) of functions over M and module morphisms. In

algebraicK-theory, it is well known that corresponds to these bundles, there are super projectors Pn [25] such that,

for the associated super vector bundle

E(n) = S(3|2) ×U(1) CL
π
−→ S(2|2), (3-3)

right ACL-module of sections Γ∞(S(2|2), E(n)) which is isomorphic with G∞
(n)(S

(3|2), CL) is equivalent to the

image in the free module (ACL)
(2n+1) = G∞(S(2|2), CL)⊗ C2n+1

L of a super projector Pn, Γ∞(S(2|2), E(n)) =

Pn(ACL)
2n+1. The super projector Pn is a super Hermitian operator of super rank 1 over CL

Pn ∈M2n+1(ACL), P 2
n = Pn, P ‡

n = Pn, StrPn = 1. (3-4)

where Str is super trace and1 is the constant super function. For the rightAC-module of sections Γ∞(S(2|2), E(n))

there exist n + 1 super projectors P1, P2, ...., Pn+1 having the same super rank 1. Therefore the free module

(ACL)
2n+1 can be written as a direct sum of the projective ACL−modules,

(ACL)
2n+1 =

2n+1
⊕

i=1

Pi(ACL)
2n+1. (3-5)

The quantum super Hopf bundle is a U(1)−bundle over the quantum super sphere S
(2|2)
qµ with standard Podles

sphere S2
q as its body and whose total manifold is the super quantum manifold S

(3|2)
qµ . The sphere S2

q is a quantum

Homogeneous space SUq(2). Let us denote by A(S
(3|2)
qµ ), A(S

(2|2)
qµ ) and A(U(1)) the coordinate algebras of the

total space S
(3|2)
qµ , base space S

(2|2)
qµ and the fibre U(1), respectively. The algebra inclusionA(S

(2|2)
qµ ) →֒ A(S

(3|2)
qµ )

which is a Hopf-Galois extension is a super quantum Hopf bundle. It is the algebraic version of the first super

quantum Hopf fibration S
(3|2)
qµ

Uq(1)
−−−→ S

(2|2)
qµ . The quantum associated bundle is given by [28]

E(n)
q := {x ∈ A(S(3|2)

qµ ) : k · x = q
n
2 x, k ∈ A(Uq(1))}. (3-6)

Each E
(n)
q is clearly a A(S

(2|2)
qµ )−bi-module and is equivalent to the image in the free module (A(S

(2|2)
qµ ))2n+1

of a self-adjoint quantum projector P
(n)
q in Mat2n+1(A(S

(2|2)
qµ )) (for n > 0). We identify E

(n)
q with the left

A(S
(2|2)
qµ )−module of sections (A(S

(2|2)
qµ ))2n+1P

(n)
q .

4 Spin 1
2 q-deformed superprojectors of the superprojective A(S

(2|2)
qµ )−module

According to the Serre-Swan’s theorem, in noncommutative geometry, the study of the super principal fibration

S
(3|2)
qµ

U(1)
−−−→ S

(2|2)
qµ , replaces with the study of noncommutative finitely generated projectiveA(S

(2|2)
qµ )−module of
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its sections. To build the left and right q-deformed superprojective modules we should construct the q-deformed

fuzzy superprojectors of these modules. The q-deformed superprojectors for left projective module can be written

as:

PL
[l± 1

2
]q
=

1

[2]q















1±
(Σ ·X+

µq

[2]q
)

√

µ2
q

[2]2q
+ 1















. (4-1)

where we define inner product as

Σ ·X =
∑

m=0,±

(q)mΣ−mXm + εαβΣαΘβ. (4-2)

substituting (2-26) in (4-1) we can write:

PL
[l±1/2]q

=
1

[2]qffl
[1±

[2]qΣ
q · LL + 1

√

[2l]q[2l + 1]q + 1ffl
] (4-3)

which couples left super angular momentum and superspin
1

2
to its maximum and minimum values l ±

1

2
, respec-

tively. It is easy to see that

PL
[l+ 1

2
]q
+ PL

[l− 1

2
]q
=

2

ffl[2]q
. (4-4)

These are the superprojectors of our left projectiveA(S
(2|2)
F )−module

(A(S(2|2)
qµ ))2 = (A(S(2|2)

qµ ))2PL
[l+ 1

2
]q
⊕ (A(S(2|2)

qµ )2PL
[l− 1

2
]q
.

Using (4-3) we can define the corresponding super idempotents as:

ΓL
[l± 1

2
]q
= [2]qP

L
(l± 1

2
) − 1 = ±

[2]qΣ
q · LL + 1

√

[2l]q[2l+ 1]q + 1ffl
(4-5)

The q-deformed superprojectorsPR
[l± 1

2
]q

coupling the right super momentum and super spin
1

2
to its maximum and

minimum values l±
1

2
, respectively are obtained by changing (LL

i , L
L
α) to (−LR

i ,−L
R
α ) in the above expression

PR
[l±1/2]q

=
1

[2]qffl
[1∓

[2]qΣ
q · LR − 1

√

[2l]q[2l + 1]q + 1ffl
] (4-6)

These are the q-deformed superprojectors of our right projectiveA(S
(2|2)
qµ )−module

(A(S(2|2)
qµ ))2 = (A(S(2|2)

qµ ))2PR
[l+ 1

2
]q
⊕ (A(S(2|2)

qµ )2PR
[l− 1

2
]q
.

The corresponding q-deformed superidempotents are

ΓR
[l± 1

2
]q
= [2]qP

R
(l± 1

2
) − 1 = ∓

[2]qΣ
q · LL − 1

√

[2l]q[2l+ 1]q + 1ffl
(4-7)

5 Super fuzzy q-deformed Ginsparg-Wilson algebra and its superspin 1
2

fuzzy q-deformed super Dirac and chirality operators

The q-deformed super fuzzy Ginsparg-Wilson algebra Aqµ is the ‡ -algebra overCL, generated by two ‡ -invariant

super involution Γqµ and Γ′
qµ:

Aqµ = 〈Γqµ,Γ′qµ : (Γqµ)2 = (Γ′qµ)2 = I, (Γqµ)‡ = Γqµ, (Γ′qµ)‡ = Γ′qµ〉, (5-1)

7

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I: 1
0.1

06
3/5

.00
23

39
4



each representation of (5-1) is a realization of the q-deformed super Ginsparg-Wilson algebra. Now, consider the

following two elements constructed out of the generators Γqµ and Γ′
qµ of the super fuzzy Ginsparg-Wilson algebra

Aqµ:

Γ1
qµ =

1

[2]q
(Γqµ + Γ′

qµ) , (Γ1
qµ)

‡ = Γ1
qµ,

Γ2
qµ =

1

[2]q
(Γqµ − Γ′

qµ) , (Γ2
qµ)

‡ = Γ2
qµ. (5-2)

So that, Γ1
qµ and Γ2

qµ anticommute with each other:

{

Γ1
qµ,Γ

2
qµ

}

= 0. (5-3)

Identifying ΓL
[l± 1

2
]q

and ΓR
[l± 1

2
]q

with Γqµ and Γ′
qµ, we get:

Γ±
1 = ±

Σ
q · Lq + 1

√

[2l]q[2l + 1]q + 1
, Γ±

2 = ±
Σ

q · (LL + L
R)

√

[2l]q[2l+ 1]q + 1
. (5-4)

Now, let us define the q-deformed super fuzzy Dirac operator on quantum super fuzzy sphere S
(2|2)
qµ as:

D±
qµ =

√

[2l]q[2l + 1]q + 1Γ±
1qµ = ±(Σq · Lq + 1) = ±(

∑

m=0,±

(q)mΣq
−mLq

m + εαβΣ
q
αL

q
β + 1). (5-5)

In the limit case (5-5)becomes the super Dirac operator on the commutative super sphere S(2|2):

lim
l→∞,q→1

D±
qµ = ±Σ · L ± 1 = ±(ΣiLi + εαβΣαLβ + 1). (5-6)

where Liand Lα are super angular momentum operators on super sphere S(2|2)

Li = −iεijkxj
∂

ffl∂xk
+

1

2ffl
θα(σi)αβ

∂

∂θβffl
(5-7)

and

Lα =
1

2ffl
xi(εσi)αβ

∂

∂θβffl
−

1

2ffl
θβ(σi)βα

∂

∂xiffl
(5-8)

Also, we can define q-deformed super chirality operator on S
(2|2)
qµ as γ±qµ = Γ±

2qµ which in the commutative limit

it becomes:

lim
l→∞,q→1

γ±qµ = ±Σ · x = ±(Σixi + εαβΣαθβ). (5-9)

Also, it is easy to see that

lim
l→∞,q→1

{D±
qµ, γ

±
qµ} = 0 (5-10)

which we expect from Dirac and chirality operators on S(2|2).

6 Super fuzzy gauged q-deformed Dirac operator ( no instanton fields)

Let us denote by AL the super connection 1−form associated with the q-deformed superprojector P

AL ∈ EndBCL
(G∞(UOSpq(2|1)), CL)⊗BCL

Ω1(UOSpq(2|1)), CL) (6-1)

The components of this super U(1)gauged field according to our q-deformed super Hopf fiberation are given by

A =
∑

m=0,±

(q)mdx−mAm + dθαAα (6-2)
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The ‡−invariant super fuzzy gauge field AL acts on ξ = (ξ1, ....., ξk), ξi ∈ S
(2|2)
qµ (4l + 1) as:

(AL
i,αξ)m = (Ai,α)mnξn. (6-3)

The ‡-invariant condition on AL
i,α is:

(AL
i )

‡ = AL
i , (AL

α)
‡ = −(σ1)αβAβ . (6-4)

The super fuzzy gauge field AL on the commutative super sphere S(2|2) becomes a commutative field a and its

components ai,αsatisfies the following condition:

x · a = xiai + εαβθαaβ = 0. (6-5)

We need a condition to get the above result for large l. One of the conditions of such a nature is:

(LL +A
L) · (LL +A

L) = L
L · LL =

∑

m=0,±

(q)mL−mLm + εαβLαLβ =
ffl[2l]q[2l+ 1]q

[2]2qffl
. (6-6)

The expansion of (6-6) is:

∑

m=0,±

(q)m(AL
−mL

L
m + LL

−mAm) + εαβ(L
L
αA

L
β +AL

αL
L
β ) +AL · AL = 0 (6-7)

When the parameter l tends to infinity and q → 1,
AL

i,α

l
tends to zero. Also, in this limit LL

i , LL
α and AL

i,α tends to

xi, θαand a, respectively . So we have the condition x · a = 0 on the commutative supersphere.

Now, we can introduced the q-deformed super gauged Ginsparg-Wilson system as follow: We can set:

Γ±
qµ(A

L) = ±
[2]qΣ

q · (LL +A
L) + 1

|[2]qΣq · (LL +AL) + 1|
, Γ

′±
qµ(A

L) = Γ
′±(0) = ∓

[2]qΣ
q · LR − 1

|[2]qΣq · LL − 1|
(6-8)

It is an involutory and ‡-invariant operator:

Γqµ(A
L)2 = 1, Γqµ(A

L)‡ = Γqµ(A
L). (6-9)

The gauged involution (6-8), reduces to (4-5) for zero A
L. We put Γqµ = Γqµ(A

L = 0).

Also, we can define the second gauged involution as:

Γ
′

qµ(A
L) = Γ

′

qµ(0) = Γ
′

qµ. (6-10)

We put Γ
′

qµ = Γ
′

qµ(A
L = 0). Notice that, the operators L

L,R do not have continuum limit as their squares

[2l]q[2l+ 1]qffl

ffl[2]2q
diverege as l tends to infinity. In contrast, L and A

L do have continuum limits.

It is easy to see that up to the first order (6-8) becomes:

Γ±
qµ(A

L) = ±
[2]qΣ

q · (LL +A
L) + 1

√

[2l]q[2l + 1]q + 1
. (6-11)

and

Γ
′±
qµ = ∓

[2]qΣ
q · LR − 1

√

[2l]q[2l+ 1]q + 1
. (6-12)

Using (6-11)and (6-12) we can construct the following ‡−invariant operators:

Γ±
1qµ(A

L) =
1

[2]q
(Γ±

qµ(A
L) + Γ′±

qµ) , (Γ±
1qµ)

‡ = Γ±
1qµ,

Γ±
2qµ(A

L) =
1

[2]q
(Γ±

qµ(A
L)− Γ′±

qµ) , (Γ±
2qµ)

‡ = Γ±
2qµ.

(6-13)
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Now, let us define the q-deformed gauged super fuzzy Dirac and chirality operators on quantum super fuzzy sphere

S
(2|2)
qµ as:

D±
qµ(A

L) =
√

[2l]q[2l+ 1]q + 1Γ±
1qµ(A

L) = ±(Σq · (Lq +A
L) + 1), (6-14)

and for the q-deformed super chirality operator:

γ±qµ(A
L) = Γ±

2qµ(A
L) = ±

[2]qΣ
q · (LL + L

R +A
L)

√

[2l]q[2l + 1]q + 1
. (6-15)

In the third commutative limit, (6-14) and (6-15) become:

lim
l→∞,q→1

D±
qµ(A

L) = ±(Σ · (L+A
L

) + 1), lim
l→∞,q→1

γ±qµ(A
L) = ±Σ · x. (6-16)

These are the correct gauged super Dirac and chirality operators on commutative super sphereS(2|2).

7 Instanton coupling

As we mentioned in section 3, according to the Serre-Swan’s theorem, in noncommutative geometry, the study of

the quantum super principal fibration S
(3|2)
qµ

U(1)
−−−→ S

(2|2)
qµ , replaces with the study of noncommutative finitely gen-

erated projective A(S
(2|2)
qµ )−module of its sections. To build the projective module, let introduce C4t+1 carrying

the t-representation of quantum super angular momentum of Uq(uosp(2|1)). Here, the algebra Uq(uosp(2|1)) is

generated by elements T0 and Tα satisfying the following relation:

[T0, T±] = ±T±, {T+, T−} = [2T0]q1/2 . (7-1)

They also satisfy the relations (2-33)-(2-37). Let PL
[(l+t)±1/2]q

be the super projector coupling left super angular

momentum operator LL with T to produce maximum angular momentum l + t. We know that the image of a

projector on a free module is a projective module. Then, as Mat(4l + 1)4t+1 = Mat(4l + 1) ⊗ C4t+1 is a free

module, therefore, PL
[(l±t)±1/2]q

Mat(4l + 1)4t+1 is the fuzzy version of U(1) bundle on S
(2|2)
qµ . Also, we can

use the quantum super projector PL
[(l−t)±1/2]q

to produce the projective module PL
[(l±t)±1/2]q

Mat(4l + 1)4t+1 to

introduce the least angular momentum (l − t).

The superspin 1/2quantum super fuzzy projectorsPL
[(l±t)±1/2]q

corresponding to (l±t)-representations ofUq(uosp(1|2))

can be written as:

PL
[(l±t)±1/2]q

=
1

[2]qffl
[1±

[2]qΣ
q · (LL +T) + 1

√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
], PL‡

[(l±t)±1/2]q
= PL

[(l±t)±1/2]q
, (7-2)

Mat(4l+ 1)⊗ C
4t+1 = (Mat(4l + 1)⊗ C

4t+1)PL
[(l+t)±1/2]q

⊕ (Mat(4l + 1)⊗ C
4t+1)PL

[(l−t)±1/2]q
. (7-3)

To set the quantum super fuzzy Ginsparg-Wilson system in super instanton sector, we choose the following

‡−invariant involution Γqµ for the highest and lowest super weights l ± t:

Γ±L
qµ (T) = [2]qP

L
[(l±t)±1/2]q

− 1 = ±
[2]qΣ

q · (LL +T) + 1
√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
, (7-4)

We chooseΓ
′

qµ as in (6-12). It is clear thatΓ±
qµ(T = 0) = Γ±

qµ. On the module (Mat(4l+1)4t+1⊗C2)PL
[(l±t)±1/2]q

we have:

(LL +T)2 =
[2(l ± t)]q[2(l± t) + 1]q

ffl[2]2q
. (7-5)
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The quantum superprojectorsPR
[(l±t)± 1

2
]q

coupling the right super momentum, super instanton and super spin
1

2
to

its maximum and minimum values (l ± t) ±
1

2
, respectively are obtained by changing (LL

i , L
L
α) to (−LR

i ,−L
R
α )

in the above expression

PR
[(l±t)±1/2]q

=
1

[2]qffl
[1±

[2]qΣ
q · (−L

R +T) + 1
√

[2(l ± t)]q[2(l± t) + 1]q + 1ffl
] (7-6)

These are the quantum superprojectors of our right projective A(S
(2|2)
qµ )−module

(A(S(2|2)
qµ ))2 = (A(S(2|2)

qµ ))2PR
[(l±t)+ 1

2
]q
⊕ (A(S(2|2)

qµ ))2PR
[(l±t)− 1

2
]q
.

The corresponding quantum superidempotents are

Γ±R
qµ (T) = [2]qP

R
[(l±t)±1/2]q

− 1 = ±
[2]qΣ

q · (−L
R +T) + 1

√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
(7-7)

Now, we can introduce our quantum super fuzzy Ginsparg-Wilson system in super instanton sector as:

A±
qµ(T) = 〈 Γ±

qµ(T),Γ
′

qµ : Γ±
2

qµ (T) = Γ
′2

qµ = 1, Γ±‡
qµ (T) = Γ±

qµ(T), Γ
′‡
qµ = Γ

′

qµ〉. (7-8)

Now, consider the following two elements constructed out of the generators Γqµ(T) and Γ′
qµ of the quantum super

fuzzy Ginsparg-Wilson algebra Aqµ(T):

Γ±
1qµ(T) =

1

[2]q
(Γ±

qµ(T) + Γ′
qµ) , (Γ1qµ)

‡ = Γ1qµ,

Γ±
2qµ(T) =

1

[2]q
(Γ±

qµ(T) − Γ′
qµ) , (Γ2qµ)

‡ = Γ2qµ.

(7-9)

Identifying ΓL
[(l±t)± 1

2
]q

and ΓR
[(l±t)± 1

2
]q
(T = 0) with Γ and Γ′, it is easy to compute Γ±1

qµ and Γ±2
qµ . Now we can

define q-deformed super pseudo Dirac and chirality operators as

D±
qµ(T) =

√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
√

[2l]q[2l+ 1]q + 1fflΓ±
1qµ(T)

γ±qµ(T) =
√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
√

[2l]q[2l+ 1]q + 1fflΓ±
2qµ(T) (7-10)

which in the third commutative limit become:

lim
l→∞,q→1

D±
qµ(T) = ±(Σ · (L+ T ) + 1), lim

l→∞,q→1
γ±F (T) = ±Σ · x. (7-11)

These are the correct q-deformed super Dirac and chirality operators on commutative supersphere S(2|2) in the

instanton sector. It is obvious that the Dirac operator (7-10) is ‡-invariant:

D(±)‡

qµ (T ) = D(±)
qµ (T ). (7-12)

which we expect from commutative Dirac operator in instanton sector.

8 Gauging the super fuzzy Dirac operator in instanton sector

The derivation Li,α dose not commute with the projectors P
(l±t)
qµ and then has no action on the modulesMat(4l+

1)P
(l±t)
qµ . But Ji,α = Li,α + Ti,α does commute with P

(l±t)
qµ . Here, Ji,α has been considered as the total quantum

super angular momentum. Now, we need to gauge Ji,α. When T = 0, the super gauge fields Ai,α were function

11

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I: 1
0.1

06
3/5

.00
23

39
4



of LL
i,α. Here, we consider AL

i,α to be a functions of LL +T, because AL
i,α dose not commute with P

(l±t)
qµ . Let us

introduce the super covariant derivative as:

∇i = Ji +AL
i , ∇α = Jα +AL

α. (8-1)

In this case the limiting transversality of LL +T can be guaranteed by imposing the condition:

(LL +A
L +T) · (LL +A

L +T) = (LL +T) · (LL +T) =
[2(l ± t)]q[2(l ± t) + 1]q

ffl[2]2q
, (8-2)

The expansion of (8-2) is:

(LL +T) ·AL +A
L · (LL +T) +A

L ·AL = 0. (8-3)

When the parameter l tends to infinity,
AL

i,α

l
and

T

lffl
tend to zero and (LL

i , L
L
α) tend to (xi, θα). Then, for large l,

the (8-3) tends to the condition x · a = 0. In this case the quantum super left projectors are given by

PL
[(l±t)±1/2]q

=
1

[2]qffl
[1±

[2]qΣ
q · (LL +T+A

L) + 1
√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
], PL‡

[(l±t)±1/2]q
= PL

[(l±t)±1/2]q
, (8-4)

and the corresponding involutions have the form

Γ±L
qµ (T,AL) = [2]qP

L
[(l±t)±1/2]q

− 1 = ±
[2]qΣ

q · (LL +T+A
L) + 1

√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
, (8-5)

We choose Γ
′

qµ as in (6-12). The quantum superprojectors PR
[(l±t)± 1

2
]q

coupling the right super momentum, super

instanton and super spin
1

2
to its maximum and minimum values (l± t)±

1

2
, respectively are obtained by changing

(LL
i , L

L
α) to (−LR

i ,−L
R
α ) in the above expression

PR
[(l±t)±1/2]q

=
1

[2]qffl
[1±

[2]qΣ
q · (−L

R +T+A
L) + 1

√

[2(l ± t)]q[2(l± t) + 1]q + 1ffl
] (8-6)

and the corresponding idempotents can be given by

Γ±R
qµ (T,AL) = [2]qP

R
[(l±t)±1/2]q

− 1 = ±
[2]qΣ

q · (−L
R +T+A

L) + 1
√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
(8-7)

Now, we can construct the gauged quantum super fuzzy Ginsparg-Wilson system in instanton sector and its corre-

sponding quantum super fuzzy Dirac and chirality operators as follow:

A±(T,AL) = 〈Γ±(T,AL),Γ
′

: Γ±
2

(T,AL) = Γ
′2

= 1, Γ±‡ = Γ±, Γ
′‡ = Γ

′

〉. (8-8)

Now, consider the following two elements constructed out of the generators Γqµ(T,A
L) and Γ′

qµ of the quantum

super fuzzy Ginsparg-Wilson algebra Aqµ(T,A
L):

Γ±
1qµ(T,A

L) =
1

[2]q
(Γ±

qµ(T,A
L) + Γ′

qµ) , (Γ1qµ)
‡ = Γ1qµ,

Γ±
2qµ(T,A

L) =
1

[2]q
(Γ±

qµ(T,A
L)− Γ′

qµ) , (Γ2qµ)
‡ = Γ2qµ.

(8-9)

Identifying ΓL
[(l±t)± 1

2
]q

and ΓR
[(l±t)± 1

2
]q
(T = 0) with Γ and Γ′, it is easy to compute Γ±1

qµ and Γ±2
qµ . Now we can

define q-deformed super pseudo Dirac and chirality operators as

D±
qµ(T,A

L) =
√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
√

[2l]q[2l+ 1]q + 1fflΓ±
1qµ(T)

γ±qµ(T,A
L) =

√

[2(l± t)]q[2(l ± t) + 1]q + 1ffl
√

[2l]q[2l + 1]q + 1fflΓ±
2qµ(T) (8-10)

which in the third commutative limit become:

lim
l→∞,q→1

D±
qµ(T,A

L) = ±(Σ · (L+T+A
L) + 1), lim

l→∞,q→1
γ±qµ(T,A

L) = ±Σ · x. (8-11)

which we expect from commutative super gauged Dirac and chirality operators in instanton sector on S(2|2).
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9 Conclusion

In this paper, using the quantum super projectors and idempotents of the finitely generated quantum super projec-

tiveA(S
(2|2)
qµ )−module it has been constructed the generators of the quantum super gauged fuzzy Ginsparg-Wilson

algebra in instanton sector. It has been constructed q-deformed super gauged fuzzy Dirac operator in instanton sec-

tor using the quantum super fuzzy Ginsparg-Wilson algebra. The importance of this Dirac operator is that it has

correct commutative limit.

10 Data availability statement

Data sharing is not applicable to this article as no new data were created or analyzed in this study.
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